We incorporate the effective restoration of U (1)A symmetry in the 2+1 flavor entanglement Polyakov-loop extended Nambu-Jona-Lasinio (EPNJL) model by introducing a temperature-dependent strength K(T ) to the Kobayashi-Maskawa-'t Hooft (KMT) determinant interaction. T dependence of K(T ) is well determined from the results of state-of-the-art lattice QCD simulations on pion and a0-meson screening masses. The strength is suppressed in the vicinity of the pseudocritical temperature of chiral transition and hence much faster than the instanton suppression estimated by Pisarski and Yaffe. The EPNJL model shows that the chiral transition is second order at the "light-quark chiral-limit" point where the light quark mass is zero and the strange quark mass is fixed at the physical value. This indicates that there exists a tricritical point. Hence the location is estimated.
I. INTRODUCTION
Meson masses are important quantities to understand the properties of Quantum Chromodynamics (QCD) vacuum. For example, the difference between pion and sigma-meson masses is mainly originated in the spontaneous breaking of chiral symmetry, so that the restoration can be determined from temperature (T ) dependence of the mass difference. Similar analysis is possible for the effective restoration of U (1) A symmetry through the difference between pion and a 0 -meson (Lorentz scalar and isovector meson) masses.
U (1) A symmetry is explicitly broken by the axial anomaly and the current quark mass. In the effective model, the U (1) A anomaly is simulated by the Kobayashi-Maskawa-'t Hooft (KMT) determinant interaction [1, 2] . The coupling constant K of the KMT interaction is proportional to the instanton density screened by the medium with finite T [3] . Hence K becomes small as T increases: K = K(T ). Pisarski and Yaffe estimated the suppression S(T ) ≡ K(T )/K(0) for high T , say T > ∼ 2T c for the pseudocritical temperature T c of chiral transition, by calculating the Debye-type screening [3] :
where N c (N f ) is the number of colors (flavors) and the typical instanton radius ρ is about 1/3 fm, and hence the suppression parameter b is about 0.70T c for N c = N f = 3 of our interest [4] ; note that 2+1 flavor LQCD simulations show T c = 154 ± 9 MeV [5] [6] [7] . This phenomenon is called "effective restoration of U (1) A symmetry", since U (1) A symmetry * ishii@phys.kyushu-u.ac.jp † yonemura@phys.kyushu-u.ac.jp ‡ takahashi@phys.kyushu-u.ac.jp § kounoh@cc.saga-u.ac.jp ¶ yahiro@phys.kyushu-u.ac.jp is always broken in the current-operator level but effectively restored at higher T in the vacuum expectation value. Figure 1 shows the current status of knowledge on 2+1 flavor phase diagram for various values of light-quark mass m l and strange-quark mass m s . QCD shows a first-order phase transition associated with the breaking of chiral (Z 3 ) symmetry at the lower left (upper right) corner [8, 9] . When m l and m s are finite, these first-order transitions become second order of 3d Ising (Z(2)) universality class, as shown by the solid lines [8, 9] . However, the order of chiral transition is unknown on the vertical line of m l = 0 and m s > 0, and it is considered to be related to the effective U (1) A restoration. In the twoflavor chiral limit of (m l , m s ) = (0, ∞) at the the upper left corner, for example, the order may be second order of O(4) class if the effective restoration is not completed at T = T c , because the chiral symmetry becomes SU L (2) × SU R (2) isomorphic to O(4) in the situation and the transition is then expected to be in the 3d O(4) universality class [8, 9] . There are many lattice QCD (LQCD) simulations made so far to clarify the order in the two-flavor chiral limit of (m l , m s ) = (0, ∞) and the light-quark chiral limit where m l vanishes with m s fixed at the physical value, but these are still controversial; see Refs. [10] [11] [12] [13] [14] [15] [16] [17] [18] [19] [20] [21] and therein.
Very recently, the effective restoration of U (1) A symmetry has been investigated by state-of-the-art LQCD simulations on screening masses of pion and a 0 -meson [22] and susceptibilities for the operators (π i and δ i ) corresponding to pion and a 0 -meson [23, 24] . The effective restoration of U (1) A symmetry thus becomes an important current issue.
In LQCD, pole and screening masses are evaluated from the exponential decay of mesonic correlation functions in the temporal and spatial directions, respectively, but for finite T the lattice size is smaller in the temporal direction than in the spatial direction. This makes LQCD simulations less feasible for pole masses than for screening masses. The problem is getting serious as T increases. This is the reason why meson screening masses are calculated in most of LQCD simulations. In fact, as mentioned above, state-of-the-art LQCD calculations were done for meson screening masses with large 
volumes (16
3 × 4, 24 3 × 6, 32 3 × 8) in a wide range of T [22] . The effective model is suitable for qualitative understanding of QCD. In fact, the QCD phase diagram and the properties of light-meson pole masses are extensively studied with the Polyakov-loop extended Nambu-Jona-Lasinio (PNJL) model [25] [26] [27] [28] [29] [30] [31] [32] [33] [34] [35] [36] [37] . The PNJL model can treat the deconfinement and chiral transitions simultaneously, but cannot reproduce their coincidence seen in 2-flavor LQCD data, when the model parameters are properly set to reproduce T c calculated with LQCD [30] . This problem is solved by introducing the four-quark vertex depending on the Polyakovloop [38, 39] . The model with the entanglement vertex is refer to as the entanglement-PNJL (EPNJL) model. The EP-NJL model is successful in reproducing the phase diagram in 2-flavor QCD at imaginary chemical potential [40, 41] and real isospin chemical potential [42] , and well accounts for the phase diagram in the m l -m s plane, i.e., the so-called Columbia plot in 2+1 flavor QCD [43] .
In NJL-type models, it is well known that the calculation of meson screening mass M ξ,scr is difficult, where ξ denotes the type of meson. In fact, only a few trials were made so far [44, 45] . The first problem is the regularization. The regularization widely used is the three-dimensional momentum cutoff, but it breaks Lorentz invariance at T = 0 and spatial-translation invariance at any T . This generates unphysical oscillations in the spatial correlation function η ξξ (r) [45] . This refuses us to determine M ξ,scr from the asymptotic form of η ξξ (r) as
This problem can be solved [45] by introducing the Lorentzinvariant Pauli-Villars (PV) regularization [46] . Even after the unphysical oscillations are removed, heavy numerical calculations are still required to obtain η ξξ (r) at large r [45] . This is the second problem. In the model calculation, the spatial correlation function is obtained first in the momentum representation (q = ±|q|) as χ ξξ (0,q 2 ). Hence we have to make the Fourier transform from χ ξξ (0,q 2 ) to η ξξ (r):
Theq integration is quite hard particularly at large r, since the integrand consists of a slowly damping functionqχ ξξ (0,q 2 ) and a highly oscillating function e iqr . If χ ξξ (0,q 2 ) has a pole below the cut in the complexq plane, one can easily determine M ξ,scr from the pole location. In the old formulation of Ref. [45] , the condition was not satisfied, since logarithmic cuts appear in the vicinity of the realq axis in addition to physical cuts. Very recently we solved the problem in our previous paper [47] , showing that the logarithmic cuts near the realq axis are unphysical and removable. In the new formulation based on the PV regularization, there is no logarithmic cut and a pole appears below physical cuts, as shown later.
In this paper, we incorporate the effective restoration of U (1) A symmetry in the 2+1 flavor EPNJL model by introducing a T -dependent coupling strength K(T ) to the KMT interaction. T dependence of K(T ) is well determined from state-of-the-art 2+1 flavor LQCD results [22] on pion and a 0 -meson screening masses. For the derivation of meson screening mass, we extend the previous prescription of Ref. [47] for 2 flavors to 2+1 flavors. The K(T ) determined from the LQCD data is suppressed near T c and much faster than the instanton suppression (1) . Using the parameter set, we show that the chiral transition is second order in the light-quark chiral limit. This result indicates that there exists a tricritical point near the "light-quark chiral-limit" point in the m l -m s plane. We then estimate the location.
We recapitulate the EPNJL model and the method of calculating meson screening masses in Sec. II and show the results of numerical calculations in Sec. III. Section IV is devoted to a summary.
II. MODEL SETTING

A. EPNJL model
We start with the 2+1 flavor EPNJL model [38, 39] . The Lagrangian density is
with quark fields ψ = (ψ u , ψ d , ψ s ) and
for the gauge coupling g, where the λ a (t a ) are the Gell-Mann matrices in flavor (color) space and λ 0 = 2/3I for the unit matrix I in flavor space. The determinant in (4) is taken in flavor space. For the 2+1 flavor system, the current quark
In the EPNJL model, the coupling strength G s (Φ) of the scalar-type four-quark interaction depends on the Polyakov loop Φ and its Hermitian conjugateΦ as
This entanglement coupling is charge-conjugation and Z 3 symmetric. When α 1 = α 2 = 0, the EPNJL model is reduced to the PNJL model. We set α 2 = 0 for simplicity, since the α 2 term yields the same effect as the α 1 term in the present analysis. As shown later in Sec. III, the value of α 1 is determined from LQCD data on pion and a 0 -meson screening masses; the resulting value is α 1 = 1.0. For T dependence of K(T ), we assume the following form:
For high T satisfying T ≫ T 1 , the form (6) In the EPNJL model, the time component of A µ is treated as a homogeneous and static background field, which is governed by the Polyakov-loop potential U. In the Polyakov gauge, Φ andΦ are obtained by
with L = exp[iA 4 /T ] = exp[idiag(A 
We use the logarithm-type Polyakov-loop potential of Ref. [33] as U. The parameter set in U has already been determined from LQCD data at finite T in the pure gauge limit. The potential has a parameter T 0 and yields a first-order deconfinement phase transition at T = T 0 . The parameter used to be set to T 0 = 270 MeV, since LQCD data show the phase transition at T = 270 MeV in the pure gauge limit. In full QCD with dynamical quarks, however, the PNJL model with this value of T 0 is found not to explain LQCD results. Nowadays, T 0 is then rescaled to reproduce the LQCD results. In the present case, we take T 0 = 180 MeV so that the EP-NJL model can reproduce LQCD results for the pseudocritical temperature T deconf c of deconfinement transition; actually, T deconf c = 165 MeV in the EPNJL model and 170 ± 7 MeV in LQCD [48] .
Making the mean field approximation (MFA) to (4) leads to the linearized Lagrangian density
with the quark propagator
and σ f means the chiral condensate ψ f ψ f for flavor f . The mesonic potential U M is
Making the path integral over quark fields, one can get the thermodynamic potential (per unit volume) as
with E p,f = p 2 + M 2 f and β = 1/T . We determine the mean-field variables (X = σ l , σ s , Φ,Φ) from the stationary conditions:
where isospin symmetry is assumed for the light-quark sector, i.e., σ l ≡ σ u = σ d . On the right-hand side of (10), the first term (vacuum term) in the momentum integral diverges. We then use the PV regularization [45, 46] . In the scheme, the integral I(M f , q) is regularized as
where M f ;0 = M f and the M f ;α (α ≥ 1) mean masses of auxiliary particles. The parameters M f ;α and C α should satisfy the condition
. We keep the parameter Λ finite even after the subtraction (12) , since the present model is nonrenormalizable. The parameters are taken from Ref. In the present work, we analyze LQCD results of Ref. [22] for pion and a 0 -meson screening masses. In the LQCD simulation, the pion mass M π (0) at vacuum (T = 0) is 175 MeV and a bit heavier than the experimental value 138 MeV. We then change m l to 9.9 MeV in the EPNJL model in order to reproduce M π = 175 MeV.
B. Meson pole mass
We derive the equations for pion and a 0 -meson pole masses, following Ref [34, 50] . The current corresponding to a meson of type ξ is
where Γ π = iγ 5 λ 3 for π meson and Γ a0 = λ 3 for a 0 -meson. We denote the Fourier transform of the mesonic correlation function
whereq = ±|q| for q = (q 0 , q) and T stands for the timeordered product. Using the random-phase (ring) approximation, one can obtain the Schwinger-Dyson equation
for χ ξξ , where G ξ ′ ξ ′′ is an effective four-quark interaction and Π ξξ ′ is the one-loop polarization function defined by
, where the trace Tr is taken in flavor, Dirac and color spaces. Here the quark propagator S(q) in momentum space is diagonal in flavor space:
we impose isospin symmetry for the light-quark sector and employ the random-phase approximation. One can then easily solve the Schwinger-Dyson equation for ξ = π and a 0 :
with the effective couplings G π and G a0 defined by
As for T = 0, Π π and Π a0 have the following explicit forms:
and
where tr c,d (tr c ) means the trace in color and Dirac spaces (color space) and M = M u = M d . For finite T , the corresponding equations are obtained by the replacement
The meson pole mass M ξ,pole is a pole of χ ξξ (q 2 0 ,q 2 ) in the complex q 0 plane. Taking the rest frame q = (q 0 , 0) for convenience, one can get the equation for M ξ,pole as
where Γ is the decay width tocontinuum. The method of calculating meson pole masses is well established in the PNJL model [34, 50] .
C. Meson screening mass
We derive the equations for pion and a 0 -meson screening masses, following Ref. [47] . This is an extension of the method of Ref. [47] for 2 flavors to 2+1 flavors.
As mentioned in Sec. I, it is not easy to make the Fourier transform from χ ξξ (0,q 2 ) to η ξξ (r) particularly at large r. When the direct integration on the realq axis is difficult, one can consider a contour integral in the complexq plane by using the Cauchy's integral theorem. However, χ ξξ (0,q 2 ) has logarithmic cuts in the vicinity of the realq axis [45] , and it is reported in Ref. [45] that heavy numerical calculations are necessary for evaluating the cut effects. In our previous work [47] , we showed that these logarithmic cuts are unphysical and removable. Actually, we have no logarithmic cut, when analytic continuation is made for the I 3 (q) after p integration. Namely, the Matsubara summation over n should be taken after the p integration in (25) . We then express I reg 3 as an infinite series of analytic functions:
with
where
We have numerically confirmed that the convergence of n-summation is quite fast in (27) . Each term of I reg 3 (0,q 2 ) has two physical cuts on the imaginary axis, one is an upward vertical line starting fromq = 2iM j,n,α and the other is a downward vertical line fromq = −2iM j,n,α . The lowest branch point is q = 2iM j=1,n=0,α=0 . Hence 2M j=1,n=0,α=0 is regarded as "threshold mass" in the sense that the meson screening-mass spectrum becomes continuous above the point.
We can obtain the meson screening mass M ξ,scr as a pole of χ ξξ (0,q 2 ),
If the pole atq = iM ξ,scr is well isolated from the cut, i.e., M ξ,scr < 2M j=1,n=0,α=0 , one can determine the screening mass from the pole location without making theq integral. In the high-T limit, the condition tends to M ξ,scr < 2πT .
III. NUMERICAL RESULTS
The EPNJL model has three adjustable parameters, α 1 in the entanglement coupling G s (Φ) and b and T 1 in the KMT interaction K(T ). These parameters can be clearly determined from LQCD data [22] for pion and a 0 -meson screening masses, M π,scr and M a0,scr , as shown below. Figure 2 shows T dependence of M π,scr and M a0,scr . Best fitting is obtained when α 1 = 1.0, T 1 = 0.79T c = 121 MeV and b = 0.23T c = 36 MeV. Actually, the EPNJL results (solid and dot-dash lines) with this parameter set well account for LQCD data [22] for both M π,scr and M a0,scr . The mass difference ∆M scr (T ) = M a0,scr (T ) − M π,scr (T ) is sensitive to K(T ) because of (18) and (19) , and hence the values of b and T 1 were well determined from ∆M scr (T ). In the region T > ∼ 180 MeV where ∆M scr (T ) is tiny, the slope of the solid or dot-dash line is sensitive to α 1 , as shown later in Fig.  5 . Hence the value of α 1 was also well determined from the slope. T dependence of M π,scr and M a0,scr is thus a good quantity to determine the parameter set of effective models. ,scr) calculated by the EPNJL model, whereas the dotted line corresponds to the threshold mass. LQCD data are taken from Ref. [22] ; closed squares (open circles) correspond to the 2+1 flavor data for Mπ,scr (Ma 0 ,scr ). In Ref. [22] , Tc was considered 196 MeV, but it was refined to 154 ± 9 MeV [5, 6] . The latest value is taken in this figure.
The K thus determined has stronger suppression than the Pisarski-Yaffe instanton estimation (1), since S(T ) at T = 2T c is much smaller in the present parameter set than in the Pisarski-Yaffe estimation. As a future work, it is quite interesting to clarify how the present suppression is explained by instantons.
In Fig. 2 , the solid and dot-dash lines are lower than the threshold mass 2M j=1,n=0,α=0 (dotted line). This guarantees that the M π,scr and M a0,scr determined from the pole location in the complex-q plane agree with those from the exponential decay of η ξξ (r) at large r.
In the EPNJL model with the present parameter, the chiral susceptibility χ ll for light quarks has a peak at T = 163 MeV, as shown later in Fig. 7(a) . This indicates T c = 163 MeV. The model result is consistent with LQCD data T c = 154±9 MeV of Refs. [5, 6] . For the deconfinement transition, meanwhile, the parameter T 0 is adjusted to reproduce LQCD data on T deconf c , as already mentioned in Sec. II. In fact, the Polyakov-loop susceptibilityχ ΦΦ has a peak at T = 165 MeV in the EPNJL model, as shown in Fig. 7(b) . The model result T deconf c = 165 MeV is consistent with LQCD data T deconf c = 170 ± 7 MeV of Ref. [48] . Figure 3 shows T dependence of the renormalized chiral condensate ∆ l,s defined by
and the Polyakov loop Φ. The present EPNJL model well reproduces LQCD data [5] for the magnitude of ∆ l,s in addition to the value of T c . The present model overestimates LQCD data for the magnitude of Φ, although it yields a result consistent with LQCD for T deconf c
. The overestimation in the magnitude of Φ is a famous problem in the PNJL model. Actually, many PNJL calculations have this overestimation. This is considered to come from the fact that the definition of the Polyakov loop is different between LQCD and the PNJL model [51, 52] . In LQCD the definition is Φ LQCD = tr c exp[i Now we investigate effects of T -dependent KMT interaction K(T ) on M π,scr and M a0,scr . In Fig. 4 , T -dependence of K(T ) is switched off; namely, results of the EPNJL model with K(T ) = K(0) are shown. One can see that Tdependence of K(T ) reduces the mass difference between M π,scr and M a0,scr significantly in a range 150 < ∼ T < ∼ 180 MeV, comparing Fig. 4 with Fig. 2 . At T = 176 MeV where first-order chiral and deconfinement transitions take place, M π,scr has a jump while M a0,scr has a cusp. Meson screening mass is thus a good indicator for a first-order transition.
Next we analyze effects of the entanglement coupling G s (Φ) on M π,scr and M a0,scr . In Figure 6 shows three types of EPNJL calculations for the mass difference ∆M scr (T ). The mass difference plays a role of the order parameter of the effective restoration of U (1) A . The full-fledged EPNJL calculation (solid line) with both Tdependent K and the entanglement coupling G s (Φ) well reproduces LQCD data, while the standard PNJL model (dotted line) with constant K largely overestimates the data. However, as shown in panel (a), the T c thus determined is 163 MeV at S-point and 160 MeV at P-point, and hence the value little varies between the two points. At C l point, χ ll diverges at T = T c = 153 MeV. The chiral transition is thus second order at C l -point at least in the mean-field level. This result suggests that the effective U (1) A restoration is not completed at T = T c . This suggestion is supported by LQCD data at S-point in Fig. 6 where ∆M scr (T c ) is about a half of ∆M scr (0).
is even smaller; namely, T deconf c = 165 MeV for S-point and C lpoint and 163 MeV for P-point. At C l -point,χ ΦΦ has a sharp peak at T = 153 MeV. It is just a result of the propagation of divergence from χ ll toχ ΦΦ [53] , and never means that a second-order deconfinement takes place there.
Next, both m l and m s are varied near P-point. 
IV. SUMMARY
In summary, we incorporated the effective restoration of U (1) A symmetry in the 2+1 flavor EPNJL model by introducing a T -dependent coupling strength K(T ) to the KMT interaction. The T dependence was well determined from state-of-the-art 2+1 flavor LQCD data on pion and a 0 -meson screening masses. To derive the meson screening masses in the EPNJL model, we extended our previous prescription of Ref. [47] for 2 flavors to 2+1 flavors. The K(T ) thus determined has stronger suppression than the Pisarski-Yaffe estimation (1) based on instanton. In fact, the suppression factor S(T ) at T = 2T c is much smaller in the present case than in the instanton estimation. As a future work, it is quite interesting to clarify how the present suppression is explained by instantons.
Using the EPNJL model with the present parameter set, we showed that, at least in the mean field level, the order of chiral transition is second order at the light-quark chirallimit point of m l = 0 and m s = 175 MeV (the physical value). This result indicates that there exists a tricritical point near the light-quark chiral-limit point in the m l -m s plane. We then estimated the location of the tricritical point as (m l , m s ) ≈ (0[MeV], 127 [MeV] ).
In conclusion, we present a simple method for calculating meson screening masses in PNJL-like models. This allows us T dependence of (a) chiral susceptibility χ ll and (b) Polyakov-loop susceptibilityχ ΦΦ at S-point, P-point and C l -point. Here χ ll andχ ΦΦ are dimensionless and their definition is the same as in the LQCD formulation. Calculations are done by the EP-NJL model with the present parameter set. The dotted, dot-dash and solid lines stand for the results at S-point, P-point and C lpoint, respectively. At C l -point, χ ll is divided by 10 and diverges at T = Tc = 153 MeV to compare model results with LQCD data on meson screening masses. Meson screening masses are quite useful to determine model parameters. In particular, the mass difference between pion and a 0 -meson is effective to determine T dependence of the KMT interaction. The EPNJL model with the present parameter set is useful for estimating the order of chiral transition at the light-quark chiral-limit point and the location of the tricritical point, since it is hard to reach the chiral regime directly with LQCD. 
